Examples of Limits and the E-method

In the following pages, we will study many examples of limits and the E-method. It is basically an
English adaptation from the Chinese translation edition ” A Course on Mathematical Analysis”
(xxxxxx, Chinese pinyin: shu xue fen xi jiao cheng) of the Russian textbook by the Russian
authors I' pedeHyd (xxxxxx, Chinese pinyin: ge lie ben ka) and HoBoceJIoB (xxxxxx, Chinese
pinyin: nuo wo she nuo fu).

We emphasize that only very basic concepts and results of elementary functions are used (indeed
no knowledge of derivatives are used).

Examples of Limits of Sequences

1. The Euler Constant. Note that for each n € N, because

n+1 1
1n(n+1)—lnn:/ —dx,
n T
and because
1 1 1 1 1
<—-< - forze] =]
n+1 T n n+1ln
we have:
1
In(n+1)—lnn< —, (1)
n
1
P < In(n+1)—Inn. (2)

Adding up the above Inequalities (1) for n =1,2,3,--- |k, we obtain:

1 1 1
In(k+1) <1+ =+=+4-—
n(k+1) <144 g+
Therefore,
cerg o L k>0
p— —_— “ e — 7_n .
ht1 2 ko k1
Also by Inequality (2) for n = k,
1
ap —agy1 = ——— +In(k+1) —Ink > 0.

kE+1

We conclude that the sequence {a,}5° ; is monotone decreasing and bounded below, so it
converges to a finite limit:

1 1
C L lim g, = lim <1++--~—ln(n)>-
n— o0 2

n—00 n
We call C the Euler constant, and C' = 0.5772- - -.

2. Find

Let C be the Euler constant. From the above, we have:

1 1
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where lim,, ,o, a1 = 0, also,

1 1
14+ + -

=1 -1
5 p— nn—1)+C+ as

where lim,, .o, ag = 0. Thus

L w1+ L
- oo — =In2n —In(n — as — a1 =1n a1 — Q9.
n n+1 2n 2 ! n—1 ! 2
Let n — oo, we get
1
lm (- 4+——+4+---+— ] =In2.

3. Suppose lim,,_ . a,, = a, show that

. artay+---+ay
lim = a.
n—o00 n

Let s, = a1 +as + -+ + a,. We observe the following fact: If every one of m numbers
ki, ka, - - ky, lies in (¢, d), then the Arithmetic Mean formed by these m numbers will also
lie in (¢, d). Now, let N be a natural number. When n > N, we have

Sn SN+ (Sn—8N) SN | ant1+ - +ay ( N>
— = = — + 1——.
n n n n—N n
We can choose a sufficiently large N such that ayyi,ani2,--- all lie in (a — e,a + €).
Thus the number “Y*1 i QNHJ:; ot will also lie in (a —€,a+¢). Thus we can write
n J—

AN4+1 T aANy2 + -+ ap

in the form : a + 7 where |y| < . Now we have

n—N
S s N
=S4 (at9) (1—>,
n n n
SO N N
S S S
oo < B ey E < I o+ Y
n n n n n

After fixing N, we see that for sufficiently large n, the first and third terms will be less
than e. Hence, for sufficiently large n, we have

s
AL a‘ < 3e.
n
Therefore,
. artax+---+ap
lim =a.
n—o00 n
Now, consider the case a = oo. Since for sufficiently large N, ayi1,an+y2,- - are all

greater than any given positive number M (no matter how large M is),

N
S”>SN+M<1—>.

n n n
As
SN N
lim — =0, lim (1—)21,
n—oo n n—oo n
we have
. Sn
lim — = oo,
n—oo n

as desired. The case for a = —oo is similar.
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4. Let a1, ao,..

. be a positive sequence. Suppose limy, s @, = a. We have

lim {fajaz---a, = lim e® Veraz-an,
n—oo n—oo
Since
Ina (f0<a<o0)
lim Ina, = ¢ —co (if a = 0)
n—oo
oo (if a = o0),
therefore,
g+ Inast e +1 Ina (if co > a > 0)
. " T naj nag -+ --- 1 anp . B
nh_}rrgo In Yaias - a, = nh_)nolo - =4q-—00 (ifa=0)
oo (if a = 00).
In other words, we have proved
a (if0<a<o0)
lim {Yaijaz---ap, =40 (ifa=0)
n—roo
oo (if a = 00).

an+1

5. Suppose lim,, s = .

Gn
sequence.

In fact, this result follows from the above that

Show that lim,,_. &/a, = | where a1, as,...

a2

a

lim ¥a, =

lim ?/aq -
n—oo n—oo

6. Calculate the limit:

n—oo n
n!
Let ap, = —, then
n
(n+ 1)
1 n+1
lim 2L = i (”+,) —lim<
n—00 (U, n—o00 n—oo
nn

It follows from the previous discussion that

vn!

as A,

=1.

a2 Gn—1

n!
lim — = lim ¥a, =
n—oo n n—oo n
7. Let x € (0,7/2). Then
. ( T T ) sin x
im (cos—=cos—---cos— | =
n—00 2 22 AL X
Since ‘ ) o
x sin T sin 5 r  singrer
COS — = ————, COS — = — COS — = —=——— ...
2 2sing’ 22 251112%7 ’ 2n 2singn

is a positive
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z z x sin z
COS — COS —5 -+ COS — = —————.
2 22 2m 2"sin o
Since . ' ‘
Sin x . SIn T sSin
m ———— = lim = ,
n—o0 2™ sin 2% n—00 2”E£ T
27’L
we have shown that .
' z z x sin x
lim (cos—cosf...cosi) _ .
n—>00 2 922 on x
8. Let x € [0,1]. We will show that the sequence
2
Y1 = y2:x_ﬁ ygzx_ﬁ Y :l‘—ynil...
? 2 9y 2 5 5 n 2 ,
converges to —1 + v/2z + 1.
Since y1,y3 > 0 and since
2 9 o y
—p = =20 =BT
Y1 — Y2 5 Y2 — Y3 5 Y3 — Ya 5

adding up these equalities in pairs, we have

Y3 — U3
2

2
yl—y3=52207 Y2 — Ya = <0.

Using mathematical induction, we can show that:
Yn € [0,2], Y2nt1 — Y2n—1 < 0, Yan — Y2n+2 <0, Y2n < Yan-—1,
hence,
O0<wo<wya<- <Won <Yomt2 < <Y1 SYon-1 < - SYs SY3 <Y1 = .

Thus the sequences:
Y1,Y3,- - and Yo,y
are convergent. Let
lim yonq =4, lm o, = 6.

From the identity

2 2
Yn = Yn—
Yn = Yni1 = Tt
2
with even n, we obtain by letting n — co:
02— 2
0 —¢=-L ,
2

i.e.
(b —0)(l1+¢—2)=0.
Since 0 < y, <z, £ <1 and ¢; < 1 (to see this, note that if x = 1, then y3 = g), hence
£+ ¢y —2 < 0. Therefore, {1 = £, and the sequence y1, o, - converges to £. Moreover,
yi_l
2

from the equality: y, =z — , we have
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hence

(=—-1++V2zx+1 (as ¢ >0).

Remark: The proof perhaps becomes more transparent if we note that, with yo = 0, we

have:
0= Yo R I IR < Y1 =2 < ]_7
1 1 1
Yo <y2 = i(yo +y1) + 5(3/1 —yo)[1 - §(yo +y1)] < w1,
1 1 1
Y2 <ys = §(y1 +y2) — §(y1 —y2)[l — §(y1 +y2)] < 1,
1 1 1
Yon—2 < Yo = 5(?]271—2 + Yon—1) + §(y2n—1 — Yan—2)[1 — §(y2n—2 + von—1)] < yon—1,
1 1 1
Yo < Yont1 = §(y2n—1 + yon) — §(y2n—1 — yon)[1 — §(y2n—1 + y2n)] < Yon—1,
for all n € N.

The E-method

Now we study the evaluation of limits by the E-method. We introduce the following notation:

Notation. When a function satisfies lim,_,, f(x) = 1, we write: around a,

flx)=E.

To represent different functions that have 1 as their limit at the same point, we may use F,
Ep, E,--- in the above notation. We should point out that if lim,_,, f(x) = and | # 0, or
l # +00, then
f(z) =1E,
f(x)

because limy_,, ——= = 1 (so according to our convention:

f@)
z z

= F around a).

Some Relations

We collect some important relations, which we will encounter frequently in the calculation of
limits of elementary functions.

1. For polynomial:
P(x) = apz" + an 12" '+ +ag (a, #0)

around the point co (or —oo), we have

an—1 1 Ap—9 1 ap 1
N 724_77 .
an X an x anp

P) =" (14

Since the expression inside the bracket has limit 1 at +o0, we can write: around +oo,
P(z) = apa"E.

Thus
lim |P(z)| = oo.

r—+o00
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2. Suppose
anZ™ + ap_1" "+ -+ ag
R(x) = b 0).
(x) bmxm + bm_lxm_l + . + bo (a/na m 7é )
From the above, we have around o0,
anx™ Eq an o
R(z) =1~ =1 _"n n-mp
@) = iy o T
where E = Ey/FE>. Thus
lim |R(z)] = oo, n>m,
r—+oo
lim R(z) = 0, n<m,
T—7F00
. . a7n _
xgrinoo R(z) = b n=m.
3. Since lim,_q Smr 1, we have: around the point 0,
T
ST E, iesinx = Ex.
T

4. As 1 — cosx = 2sin? 5, by the above we have that around 0

2 2
1 - cosz =2 (fEl) =2 B, (B?=E)
2 2
or )
cosr=1— x—E.
2
5. Around 0,
tanx = Fx.
6. ]
i 2YCSinT _ .y _1q
z—0 T z—0 sy
where y = arcsin . Hence, we have around 0,
arcsinz = FEx.
7. By the same reasoning, we have around 0,
arctanx = Fx.
8. Note that lim,_,o(1 + :c)l/”" = ¢, and
In(1
In(l +z) =In(1+ :c)%
x
By the continuity of the function In,
In(1
lim M ¢ =lIne=1.

= lim In(1 + z)
z—0 T z—0



Limits & the E-method, Department of Mathematics, CUHK 7

10.

11.

Thus, around 0,

In(l1+2z) = Ex.
Similarly, since
log,(1+2) = ln(llnzx)’
we have B
log,(1+2z) = na

. We study the behavior of e¢* around 0. Let ¢* — 1 = z. Then lim, .oz = 0, hence,

x=1In(l+z2) =zE, or z = z/E; = Ex. Therefore, we have
e’ =1+ Ex.

For the function a”®:
a® ="M — 1 4 Exlna.

The above two relations can be represented as follows:

et -1 oat -1
lim =1, lim
z—0 x z—0 €T

=Ina.

We discuss the behavior of the function (1 + z)® around 0, where « is any real number.
We have
(1+ ) = M40 = 0B = 1 4 (awE)) By,

SO
(14+2)* =1+ azE.
Examples
1 1 1 1 N 1
=1—2xF, =1—=xF, Vi4+z=14+=-2aF, Vi4+zxz=1+—zF.
1+ 14z 2 2 n

Now, we study the behavior of the function F(x) = [1 + a:go(:v)]@ around 0 under the

assumptions that lim,_,o ¢(2z) = k and lim,_,0 ¢ (x) = . We emphasize that no assumption
is put on the differentibility of ¢ or ¥. Note that

Fz) = ¢ li+ee(@)]

From the assumptions:
QO(QZ') = Elka 1ﬁ(l‘) = E2la

we have (c.f. discussion in 8),
In[l1 + zp(z)] = xp(x)Es = kx B E3,

or
F(.CL') — ek‘lElEzEg — €klE.

Thus, we have proved that

lim F(z) = e or [1+zp(x)] = =e"E.

x—0
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12. For any real 8 > 0, we have

X
lim — =
T—00 xﬁ

00, (3)

To see the above relation, we consider for sufficiently large x, the behavior of the function
e:t x ex

—. It suffices to prove (3) under the assumption that g is an integer as — > ———.

:[;6 qjﬁ 1;[6]+1

Let a's integral part [x] =n > 8+ 1. We observe the following inequalities:
e’ ﬁ S 2™
287 (n+1)8
@+ G B+ ) G) o h) _nn-1)--(n-p)
(

n+1)» (n+1)» (B+ 1) (n+1)8

. nmn—1)---(n—p) 1 . 2 3 B+1Y
A BT 1)+ 1)P _(ﬁ+1)!nl§20”<1_n+1) <1_n+1)”'<1_n+1)_°°’

we see that (3) is true.
Moreover, we can show that for any «, 8 > 0

axr

e
In fact, putting ax = y, we get
ax ey
lim — = o lim — = .
T—00 I y—oo Yy
Also, for a > 1
lim — = oo, lim — =0,
x>0 h r—o0 qT
because
a® e Ina
Examples:
T e%
lim — = o0, lim — = oo.
13. For any real o, 8 > 0, to find the limit
o In%zx
lim ———,
we let Inx = y and get
In® @
lim —— = lim y—:O.
T—00 xﬁ Y—00 eﬁy
1
Putting y = —, we have from the above that
T
(=Iny)* _

lim z°In®z = lim 0.

r—0+ Yy—00 y/j
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@

x

e
We can also find lim,_,q+ 7 with the same assumptions on « and § as before. In fact,

1
letting * = —, we have
Y

[e3

lim & = lim e~ yB = 0.
r—0+ TP Yy—o0

By the same method, we show that for positive 3,

_1
e =2

=0.

lim
z—0t B

Examples

(i) Let n > k be integers, find

(:En _ 1)($n—1 _ 1) L. (xn—k—H _ 1)
1 (x—1)(22—-1)---(zF = 1) '

By the substitution z = 1+ vy, z° — 1 = syEs = s(x — 1)E; (c.f. discussion in 10 above),
the above required limit equals to:

hmn(n—l)-u(n—k—kl)(az—1)kEnEn_1-~En,k+17n(n—1)---(n—k’+1)7 n
z1 1-2--k(z — 1)*E Fy--- B}, B 1-2---k k)

. V14324 - 1T-22 . 1+ 32%E — (1—zE))
lim 5 = lim 5
z—0 T+ x z—0 T+ x

. zEy+ 32'Fy
= lim ———

=1.
z—0 T+ x2

(iii)

lim ({“/(:L‘+a1)(x+a2)-~(x—|—ak)—x)

T—r00

- xlggo (I\C/xk t (Z a;)zht + (Z aia;)zhF =2+ 4 araz - ap — 33)

x

T—r00

~ i o (& ai)e* 4+ (Y aiaj)a* 2+ Fagay- - ar g
T—00 k‘l’k
doai a1t ax+-o-+ay
ko k ’
by the discussion in 10.

(iv)

N———
8
|
ib—‘
gE
7N\
—
+
w
8
w
&
N———
8
Il
@
Wl

3
323 + 2\ 1
lim ST =lim (1+ ——
T—00 3x3+1 T—00 3.%'3—|—1

by the discussion in 11.
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(v)

Yy r 1 2 )
lim <cos z + Asin m) = lim (1 - —- :CQE1> + )\J:Eg]
y—>00 Y Yy y—oo | 2y Yy
r 1 22 y
— lim [1+A2B — - ZEl}
y—oo | Y 2y
- . 1Y
= lim |1+ )\E] =M,
y-)OO L y

where we have applied the results of 3, 4 and 11.

(vi) Let ai,az,---ar > 0. Then

<=

lim

1N\NY
+...(ak_)y
Y—>00

k4 l(na By +nayEy 4 - +InapEy) \ Y
= lim Y

oy

((ani + (az)

Yy—00 k
~ lim <1+1‘ Ina1+lna2—|—~--+lnakE>y
yY—00 k

ln(alag ce ak)

— ¢k — Yaraza
where results from 9 and 11 are used.
(vii) Let a > 0. To find
1 1
lim 32 ((ﬂ — am> ,
Y—00

we cannot simply use results in 10 to write:

. 9 f L 1 9 (1 1
lim y (ay —ay+1> =y“ | —IlnaFE] — InaFEs |,
y—00 Y y+1

because we would still have to determine whether the limit of the last expression exits or
not. Rather, we consider first the following transformation:

1 1 1o/ 11 1o 1 1 Ina
ay — aqyvtl = qv+tl (ay y+1 — 1) = qy+? (ay(y+1) — 1) —qvtl——— F.
y(y+1)

Then we conclude that

2
y )E] =Ina.

1 1 1
lim 32 (cﬁ —am) = lim [ayﬂ Inag - ——
y(y +1

Y—0o0 Y—00



